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ABSTRACT

In this paper we introduce the concepts of esdamtiansion and rational extension to N-modulescilare

generalization of the notions essential extensioth w@tional extension for modules over rings. Hahs
Storrer has introduced the notion of critical ieials in the theory of rings, and has given a geization of

primary decomposition to non-commutative ringsthis paper we extend the notion of critical leiads to

near-rings. The relation between critical left ideand left ideals of type 0 is studied in terms$h&f concepts
essential extension and rational extension. Alscextend the notions of Primary, Co primary and Z&
primary for N-modules and some interesting resatesobtained. All the near-rings are assumed tpebe-

modules which are unital.
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INTRODUCTION

All the near-rings under consideration throughout
this thesis are assumed to be zero-symmetric near-
rings and also containing multiplicative identity.
Further it is assumed that all the N-modules are

Swarna  Bharathi Institute  of Science and nitary. The concepts of essential extension and
Technology, rational extension were introduced by Barua (2) in
:(f:jz_immam, Telangana, the theory of near-rings and N-modules which
ndia.

already exist in the theory of rings and modulesrov
rings. He introduced these concepts in terms of N-
maps and N-sets. Hans. H. Storrer has introduaed th
notion of critical left ideals in the theory of gs,
and has given a generalization of primary
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decomposition to non-commutative rings. In this
chapter we extend the notion of critical left icketd
near-rings. The relation between critical left ideaf

Example 1.4
Let N = {0, a, b, c} be Klien four group under
addition. The multiplication is defined by the

type O is studied in terms of the concepts esdentiafollowing table.

extension and rational extension. Also we extemrd th
notions of Primary, Co primary and Z-S co primary
for N-modules and some interesting results are
obtained™.

Lawton proved that if N is a distributive generated
near-ring having a faithful irreducible left N-mddu
and if N has descending chain condition on left
ideals then N contains all mappings of M into itsel

SECTION -1

Definition 1.1

Let N be a near-ring and let M be a left N-module
and letA be a non-zero N-sub module of M. We say
that M is a “module essential extension”Afif for
every non-zero N-ideal' of M, AN A" #0.

Definition 1.2

Let M be a left N-module over a right near-ring N.
Let A be a non-zero N-sub module of M. We say that
M is an essential extension »fif for every non-zero
N-sub module\’ we haveA N A" £ 0.

Remark 1.3

If M is an essential extension @, then M is a
module essential extension af But the converse
need not be true.

. 0 a b c
0| 0] O 0 0
a 0 a 0 a
b| O O b b
c 0 a b C

Take M = N andA = {0, a}. NowA is a non-zero N-
sub module of M and M is module essential
extension ofA but not an essential extension ff
sinceA’] = {0, b} is an N-sub module of M such that
ANAT = {0}.

Definition 1.5

Let M be a left N-module andl be a non-zero N-sub
module of M. We say that M is a rational extension
of A if for any N-sub modulé ] of M such thatA

LI A LU M and for any N-homomorphism f:
Al1—M such thatA LI Ker f, we have f = 0.

We know that if M is a module over a ring then the
rational extension property of M implies essential
extension property. But in the case of near-ring
modules this need not be true which can be judtifie
with the following example.

Example 1.6

Let Dg = {0, a, 2a, 3a, b, a + b, a + 2b, a + 3b} be
Dihedral group of order 8.

The addition and multiplication indare defined by
the following tables.

. 0 a 2a 3a b atb| 2athp3a+b
0 0 a 2a 3a b ath 2a#b3atb
2a 3a 0 ath 2a+p3atb| b

2a 2a 3a 0 2ath 3atb b a+b
3a 3a 0 a 2a| 3ath B ath 2atb
b b 3a+b| 2a+b| atb 0 3a 2a a
atb | atb b 3ath 2a+b a 0 3a 2a
2atb | 2atb| atb b 3atlh 2a A 0 34
3a+b| 3a+b| 2a+bl atb b 3a 2a a 0
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. 0 a 2a 3a b| atb| 2ath 3ath

0 0 0 0 0 0 0 0 0

a 0 a 2a 3a b ath 2a+p 3atb

2a 0 2a 0 2a 0 0 0 0

3a 0 3a 2a a b ath 2a+p 3atb

b 0 b 2a b b atb| 2a+lp 3atb
a+b 0 atb 0 3ath] O 0 0 0
2atb | O 2a+tb| 2a| 2a+h b ath 2a#b 3atb
3atb | O | 3atb 0 at+b 0 0 0 0

Take N =M = R. Now N is a near-ring with identity Remark 1.10

a and M is left N-module. Take = {0, a + b}. Now
we shall prove that M is a rational extensionAof
ClearlyA is an N-sub module of M. Let' be any N-
sub module of M such that LI A'LI M. suppose f:
A'—M is an N-homomorphism such thatl | Ker f.
Now hereA LIKer f LI A'. But the only proper N-
sub module of M are {0,2a}, {0,b}, {0,a + b}, {0,2a
+ b}, {0,3a + b}, {0,b,2a,2a + b}. IN = A', then f =

0 sinceA LI Ker f. If A # A, thenA' = M. SinceA

L] Ker f and Ker fis an N-ideal of M, we have Ker f
= A" =M. Hence f = 0. Thus M is a rational
extension ofA.

Suppose\' is a non-zero N-sub module of M which
is a proper N-module of M different from Now A

N A' = {0}. Therefore M is not essential extension of
A. In fact M is not an essential extension of anjt®f
proper N-sub modules.

Definition 1.7

A left N-module over a near-ring N is said to be
uniform if it is an essential extension of eachitef
non-zero N-sub modules.

Definition 1.8

A left N-module M over a near-ring N is said to be
strongly uniform if it is uniform and is a rational
extension of each of its non-zero N-sub modules.

If N is any near-ring such that every N-sub module
of N is an N-ideal of N, then N-module satisfies th
intersection property.
Proposition 1.11
Suppose M is a left N-module with ascending chain
condition on N-sub modules and satisfying the
intersection property. Then M has an N-ideal which
is uniform.
Proof
Suppose if possible M has no N-ideal which is
uniform. This implies M is not an essential extensi
of some non-zero N-sub module. L&t be a non-
zero N-sub module of M such that M is not an
essential extension @f;. Hence there exists a non-
zero N-sub modul@;’ such thatA; N A;' = {0}. By
the intersection property we have
SAPN<A!'>=<A1NA> :{0}

Put4,>=1l,and <A;'>=1.
This implies { N ;' = {0}. By our assumption;land
[, are not uniform. Since;'lis not uniform there
exists a non-zero N-sub moduig of I;' such thatf
is not an essential extension/f This implies there
exists a non-zero N-sub modulg of I;' such thai,
N Az' = {0}
Put <A> =, and <Ay > = ;. By intersection

If X is a subset of an N-module M then < X > stands Property we have

for the N-ideal of M generated by X i.e. the snsllle
N-ideal of M containing X.

Definition 1.9

We say that a left N-module M satisfies the
intersection property if for any two N-sub modules
A1, Az of M we have

<AINA>=<A>N <A,
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< A> N <A2'>=<A2ﬂA2'>={O}=> LN I =
{0}.

Again by our assumption bnd }' are not uniform.
Proceeding in this way we obtain a sequengedi
N-ideals of M such that each of them is not uniform
and eachylis an N-ideal contained in.kand | N I',

= {0} for every n. Sinced N I;'= {0} and L LI I;' we
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have | N |, = {0} which implies that J is not implies that ar-ry € LLI L;. Consequently i, €
contained in 4. Hence { + |, contain { properly. L: N Ly and nraLJL. Thus nr, + L € A; N A, This
Similarly we haveil +l, +...+l, contains{ + l,+... +  shows that intersection of any two non-zero N-sub
Inaproperly. Thus we get an ascending sequence ofnodules of N/L is non-zero. That is M = NI/L is
N-sub modulesI| |11 + L[] |y +l, + I3 ] ...which is uniform.

not stationary. This is a contradiction to the fenett Now to establish that M = N/L is a rational extemsi

M satisfies A.C.C. for N-sub modules. Therefore M of each of its non-zero N-sub modules, assume that
has an N-ideal which is uniform. there exists two non-zero N-sub modulgsand A,

2. Critical Left Ideals of M such thatA; | ] A, and an N-homomorphism

Following the notion of critical left ideal as givdoy f: A,—M with Ker f LI A;. Suppose thah; = Ly/L
Storrer [14] in the theory of rings the concept of and A, = Ly/L. If Ly = Ly, then clearly f = 0.

critical left ideals in near-rings is introduced. Otherwise choose any € L, such thata[] L and &
Definition 2.1 _ _ y € Ly, such thaty{JL. Considering M= N/L as an

A left ideal P of a near-ring N is called critidaft  n/p-module and applying the density theorem, there
ideal if M = N/P is strongly uniform N-module. exists n + P€ Ny/P such that (N+ P) (5 + L) =, +
Remark 2.2 o _ L which implies nr-r, €L.  Since f is an N-

A left ideal of L of N is said to be modular if e 1o momorphism andyn + L € A, we have f ( + L)
exists e€ N such that n-n€ L for every n€ N. If N = f(mry+ L) = 0. Thatis f ¢+ L) = O for every 5 €

is a near-ring with identity then every left idedlN L,. Therefore f = 0 and M is a rational extension of
will be a modular left ideal. A1. Hence L is a critical left ideal of N.

Definition 2.3 _ _ _ In the class of critical left ideals of a near-riNgwe
A left ideal L of a near-ring N is of type 0 if M = ;troduce a relation as follows.

N/L is an N-module which has no non-trivial N- Definition 2.6

|dee_1ls_,._ If | and J are two left ideals of N, | is said te b
Deflnlt!on 2.4 i . . related to J if there existd hl, b[J J such that [a=
A left ideal L of a near-ring N is of type 2 if M = Jb where

N/L is an N-module which has no non-trivial N-sub lat = {r €N :ra€ I} and

modules.

<1 .
From the definition it follows that every left ideaf o7 ={r€Nrb € J}

type 2 is a critical left ideal. However we canllsti
strengthc_en the result as follows. ideals of N then the following statements are
Proposition 2.5 equi
. . . . quivalent.

Every left ideal of N which is of type O is a ocii i) P is related to Q

left ideal.

Proof: Let L be any left ideal of N of type 0.
To show that N/L is uniform, it is enough to show Proof

that the intersection of any two non-zero N-sub Suppose P and Q are related, then there existd a an

modules is non-zero. Suppose= Li/l, i = 1, 2 are b _ AKL
a such that Pa= Qb* and &_ P and fi_ Q.
two non-zero N-sub modules of M = N/L. Assume Consider PA= {r € N : ra€ P}

that Ly [J Lz and L[] Ly Chooser€Ly such that o™ ek ideal of N. If PA= N, then 1€ P4, this

nl Lo and g€ Lz such that Ll Ly. Since L is a implies 1.a = & P which is not the case. Therefore
modular left ideal of type O, (L: N) = P is a O- Pa’ # N. Also Qb # N.

Lemma 2.7
Let N be a near-ring and P and Q are two critietil |

i) A non-zero N-sub module of N/P is isomorphic to
a non-zero N-sub module of N/Q.

primitive ideal of N and M = N/L is an N/P-module Definay: N/P&! — N/P
of type 0. _ _ Byw(x + Pa") = xa + P for € N.
By density theorem (Pilz, 115[12]) there existst We shall now show this mapping is Iwel

P € Ny/P such that (% P) (5 +L) = + L which  4efined.
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Suppose % Pa' = x; + Pa" for some x, Xz
in N
X1-Xp € Pat
(X1-xp)a€ P
Xia-xa € P
= xia+P=x%a+P
= Y(xa+P)=yx:a+P)
Thereforey is well defined.
Supposey(x; + Pa") = y(x, + Pa")
= x@a+P=xa+P
= Xxja—x%a€P
= (Xl - Xz)a€ P
= X;-X2 € Pa
=2 X+ Pa = x + P&
Therefore is one-one.
Hencey is an isomorphism of N/Paonto an N-

=

Proposition 2.8

The relation P is related to Q is an equivalence
relation in the class of all critical left ideals.

Proof

The only condition to be verified is the followinij.

l, J, L are critical left ideals such that | isateld to J
and J is related to L then | is related to L.

By lemma 1.2.7, there exist non-zero N-sub modules
A4ll, AxlJ of N/l and N/J respectively such that

A/l L AL

Similarly there exist non-zero N-sub modul&gJ
andA4/L of N/J and N/L respectively such thag/J

L A4L. Since N/J is uniform, we have N Az| | J.
PutA = A, N As. ThenA/J is isomorphic to a non-
zero N-sub-module of N/l and al#dJ is isomorphic

to a non-zero N-sub module of N/L. Hence a non-

submodule of N/P. Thus there is an isomorphism ofzero N-sub module of N/L. Hence | is related to L.

N/Pa* onto an N-sub module L/P of N/P.

Similarly there is an isomorphism of N/®lonto an
N-sub module L'/Q of N/Q. Since Pa= Qb* we
have L/P is isomorphic to L'/Q where L/P and L'/Q

The equivalence class containing P is denoted py [P
3. Associated Left Ideals of a Module M

Definition 3.1

A critical left ideal P of N is said to belong to i

are non-zero N-sub modules of N/P and N/Q there exists & x € M such that Ann (x) = P.

respectively.

Remark 3.2

Conversely suppose that a non-zero N-sub moduleThe class of all critical left ideals related toid?

L,/P of N/P is isomorphic to a non-zero N-sub
module L/Q of N/Q. Let® be the isomorphism of
L,/P onto L/Q. Since L/Q is non-zero we hav® #

0. Let b + Q be a non-zero element ofQ. This
implies there exists a non-zero element a + PR L
such thatb (a+ P) =b + Q.sincea+Pandb + Q
are non-zero elements we have 8 and bl Q.

Now we Show that P5 Qb™. Let re Pa’.

= ra€P

= ra+P=0

= d(ra+P)=0
= d(r(a+P))=0
= rda+P)=0
= rb+Q)=0
= rbh+Q=0

= rh€Q

= r€ Qb?

Hence P& " Qb™. Similarly Qb* Upgt, Therefore
Pa' = Qb* where &1 P and hJQ
Hence P is related to Q.
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denoted by [P].

Further the set all critical left ideals belomgto
M is denoted by Ass M.
Theorem 3.2
If M satisfies ascending chain condition of N-sub
modules and also satisfies intersection property.
Then there exists a non-zero N-sub module B of M
which is strongly uniform.
Proof: By R is strongly uniform there is nothirg t
prove. Suppose now R is not strongly uniform. But
by our choice R is uniform. Therefore R cannot be a
rational extension of each of its non-zero N-sub
modules.
That is, there exists a maximal N-submodule A of R
such that R is not a rational extension of A (sikte
satisfies A.C.C. on N-sub modules). Hence there
exists N-sub module R' such thattAR'Ll R, a
non-zero homomorphis: R >R such that Ker
contains A properly.

Let®(R) =B+#0.
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Then B is a non-zero N-sub module of R. We claim Suppose FE Ass (M), and then P is a critical left

that B is a rational extension of each of its nemz
N-sub modules.

Let B'# 0 be any N-sub module of B.
Put ®*(B") = A. Then ALUA'Ll R and R is a
rational extension of A" (by the maximality of A).
Let f: B'—B be a homomorphism wherelB' B ||
B with Ker f LI B
If ®*1(B") = A" thend*(B) LI @*(B") LI @}(B")

=>  @-'(B) UA"LA

Further fab : A”—R is a homomorphism such that
Ker fo® LI A'. But R is a rational extension of A'.
Therefore fad = 0 and hence f = 0 on"BThat is, B
is a rational extension of B'.
Therefore BLI R and B is a rational extension of
any of its N-sub modules. As R is uniform, B iscals
uniform. Therefore B is strongly uniform.

As a corollary to the above, we have
Corollory 3.3
If M satisfies ascending chain condition on N-sub

ideal belonging to M.

= There exists x€ M such that
Ann(x) = P where P is critical left
ideal. Since N £/ M; we have x
Ni for some .

= Ann(x) = P where P is critical left
ideal.

= P€ Ass (M)

= Ass (M) LI Ass (M)

=  Ass MLI U; Ass (M)

Therefore Ass M = UAss M.
b) We have to show that Ass (N/P) = {[P]}
where P is a critical left
ideal of N.
Let P be a critical left ideal of N.
Let Q be any element of Ass (N/P).
Q is a critical left ideal belonging to
N/P.
There exists a non-zero element x +
P in N/P such that

=

=

modules and also intersection property, then Ass M
+ . Ann (x + P) = Q.

Proof: By theorem 1.3.2., M has an N-sub module Since x + P is non-zero we havel»P. Since we are
B which is strongly uniform. Let & x € B. Then assuming that € N, we have that any critical left
Nx L N/P where P = Ann (x) and Nx is strongly ideal is a proper ideal. HencellQ. Now we shall

uniform. Hence P is a critical left ideal assoaiate
M. Therefore RE Ass (m).
Hence Ass (M} @.
Some of the properties are following.
Proposition 3.4

Let M be an N-module satisfying ascending chain

condition on N-sub modules.
a) If M is the union of a family of the N-ideals {M
of M, then

Ass M =L]; Ass M.
b) If P is a critical left ideal then

Ass (N/P) = {[P]}

c) If RLI M, then Ass R] Ass M LI Ass RLI Ass
(M/R).
d) If M is the direct sum of N-ideals {lof M, then

Ass M =L1; Ass M.
Proof
a) Since M =LI;M;, we have MLl M every i

=> Ass M LI Ass M for every i
=> U Ass M LJ AssM.
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show that Q.1 = Px™.
WeHave Q I={rEN:r.1€Q}=Q
Now Px' = {r€ N:rx€ P}
={r€EN:rx+P=P}
={r€EN:r(x+P)=P}
= Ann(x+P)=Q
Therefore Q. 1 = Px.
Hence Q and P are related, i.€ [@Q]
Conversely suppose that (P].
= Q and P are related.
=  There exists x and y in N such that
x[J P and {1 Q and PX = Qy™.
Since X1 P we have x+ P is non-zero element of
N/P. It can be verified that Q = Ann (x + P).
=  Qis a critical left ideal belonging to
N/P
= Q€ Ass (N/P)
Thus we have Ass (N/P) = {[P]}
c) IfRL M, then Ass(R)L! Ass (M) is clear.
Let R be an N-ideal of M.
Let PE€ Ass M and P = Ann (x). 8 Xx € M.
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Case i) If NxN R = <0>
Ann (x+R)INM/R={yEN:y(x+R)=0+R}
= {yEN:yx€ R}
{yE€ N :yx€ RN Nx}
{y€N:yx =0}
Ann (x) in M.
i.e. PE Ass (M/R)
Case ii)lf NxN R£<0>, Let R"=Nx1 R
Consider R" as N-module. Then Ass R® by
Corollary 1.3.3.

Let Q € Ass (R)
=  There exists ¥ R' such that Ann
) =Q
y € Nx => There exists @ N such that y = ax.
Q =Ann (y)
={z:zy=0}
{z : z(ax) = 0}
{z : (za)x = 0}
= {z:za€ P}
Pa’
So P& = Q1*, then P is related to Q.
Hence RE Ass(R)
4. Primary N-ldeals
Definition 4.1
An N-module M is said to be co primary if Ass (M)
consists of a single element.
Definition 4.2
An N-ideal R of M is said to be primary if quotient
module M/R is co primary.
Theorem 4.3
Suppose M is an N-module which satisfies A.C.C.
on N-sub modules and uniform, then M is co
primary.
Proof: Let PE Ass M, P = Ann (x) and
Nx = N/P
If Q € Ass M, then Q = Ann (y), N N/Q
Since M is uniform N\ Ny # 0
Let C = NxN Ny. Then C is isomorphic to a non-

Definition 4.5

R is said to be “strongly irreducible” if for anwad
N-sub modules Rand R, RLI R;, RLI R;=>RL/

Ri N Re.

If M satisfies intersection property, clearly an N-
ideal

R is irreducible if and only if it is strongly
irreducible.

Hence if R is an irreducible N-ideal then M/R is
uniform.

Theorem 1.4.6

If M is an N-module which satisfies A.C.C. on N-
sub modules then every N-ideal of M is a finite
intersection of irreducible N-ideals.

This can be proved by using A.C.C. on N-sub
modules.

Definition 4.7

A primary decomposition of an N-ideal R of M is a
representation of R as a finite intersection ofrany
N-ideals.

Theorem 4.8

If M is an N-module satisfying A.C.C. on N-sub
modules and intersection property, then every N-
ideal R of M has a primary decomposition.

Proof: By theorem 1.4.6., an N-ideal R of M can be
written as R = RR;N....NRx where each Ris
irreducible N-ideal. By the intersection property
each Ris strongly irreducible. Then for each i, M/R
is uniform and satisfies A.C.C. on N-sub modules
and it is co primary by theorem 1.4.3. ThusiR
primary.

5. Z-S-Coprimary N-ldeals

It can be shown that every primary decomposition
has reduced primary decomposition and uniqueness
by the familiar methods.

Lemma 5.1

Let N be a near-ring with 1 satisfying the condigo
a)Possesses A.C.C. on ideals.

zero N-submodule of N/P and also a non-zero N-subb)Every N-sub modules of N is an N-ideal on N

module of N/Q. Therefore P is related to Q.
Q ~ P€ Ass M.
Therefore Ass (m) = {[P]}.
Definition 4.4
Let R be an N-ideal of M. R is said to be
“irreducible” if for any two N-ideals Rand R of M,
RLI Ry, RLI R, =>R| R: NRs.
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Then every critical

Left ideal of N is a prime ideal.
Proof: By condition (b), P is an ideal of N and by
definition of critical left ideal; N/P is strongly
uniform. If P is not prime, there exist ideals AddB
such that PJ A, PLJ B and BALl P. Since R A,
there exists & a and al P.
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Define a mapping f:N/PN/P as follows f(x + P) =
xa+ P

It is well-defined because

X+P=y+P

=> X-y€ P

=  (xy&XP

=> xa-y& P

=> xa+P=ya+P
Clearly this is a module homomorphism and Kef f
B/P and £ 0. For if f = 0, then x& P for every X
N i.e. NalLl P which is not the case sinc€ &a and
allP.
This is a contradiction to the hypothesis that N/B

rational extension of each of its non-zero N-
submodules.

Hence P is prime ideal.
Definition 5.2

An ideal Q of N is said to be Z-S-co primary, if
Px Ll Q=>PLI r(Q) or x € Q where r(Q) is the
intersection of all prime ideals of N containing Q.
Theorem 5.3
If N satisfies conditions above, then an ideal Q
which is Z-S-Co primary is a co primary N-sub
module.
Proof: PE€ Ass (N/Q) and P = Ann (x + Q)

That is Px.| Q, XL Q. Therefore PIr(Q)

But r(Q) LI P (since P is prime)

Therefore P = r(Q) which implies

Ass (N/Q) = {[P]}.
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CONCLUSION

Our emphasis has been the study of primary
decomposition of left n-modules over Right near-
rings that are given by small number of generators
but are potentially very big. Various efficient
algorithms for problems in this area have been
developed. Based on these, some interesting NHP is
rational extension of each of its non- zero N sub
modules which are strongly uniform. The results in
this article should be considered as a solid basis
further investigations.
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